MA11210 Differential Equations — Exercise Sheet 1 — Solutions

d
1.(i) % = sin 2z — €**

y = /sin 2xdxr — /e3xdx + A (where A is an arbitrary constant)

1 1
y = 3 cos 2x — 5631 + A is the general solution.
d
1.(ii) % = cot 4o

4
y = /cot drdr+ A= / CR g+ A (where A is an arbitrary constant)

sin4x
P
A o= f(a)

1
y = :Zhl|sin4x|—|—z4 (since/

is the general solution.

dy 5
L (i) dr (@ +3)(z—2)

A B
Now, g = + for some constants A, B
(x+3)(x—2) r+3 x-—2
Az —2)+ B(x +3)
N (x 4+ 3)(x —2)

Equating the numerators gives 5 = A(x —2)+ B(z + 3)

Putz=2 : b5=5B = B=1.
Putz=-3: 5=-5A=A=—-1.

dx +C  (where C is an arbitrary constant)

5
y = /(x+3)(:c—2)

1 1
= /x_Qda;—/x+3dx+C

= Injz—2|—-Infjz+3|+InD (C=InD)

-2
y = In (D i+ 5 ) is the general solution.
. dy x+2
1 R A—
(iv) de  z(x+1)2
T+ 2 A B C
Now, m = = + o + EFSIE for some constants A, B, C
Az +1+Bx(z+1)+Cx
B x(x +1)2

Equating the numerators gives z+2 = A(z+1)*>+ Bz(z + 1) + Cx



Putz=-1: 1=—-C=0C=-
Putx=0: 2=A =A=2
Compare coefficients of 2?2 : 0 = A+ B = B = —2.

2
Zdr —
x

1
- / @1y 1>2d33 + D (where D is an arbitrary constant)

1
= 2Inlz|-2nfjz+ 1|+ ——+D
x

+1
x 2 1
y = In <x n 1) + o] + D is the general solution.
dy 2
1. = =
(v) dr  9cos? 2z — sin? 2z

dt
Let ¢ = tan 2z so that T = 2sec® 2. Then
T

— d
4 /90082 2x—sm 2x o
= d
/ 9 — tan? 2z) cos?(2x) *
B / 2sec? 2z
N 9—tan22x
- /9—t2d:1:
p— 9_
N L A + for s tants A, B
ow, = —— 4+ —— for some constan ,
9 —¢2 3—t 3+t
AB+t)+ B(3—1t)

92
Equating the numerators gives 1 = A(3+1t)+ B(3—1)

Putt=3 : 1=6A=1=6A
Putt=-3: 1=6B=1=6B

1 1 1 1
Therefore, y = 63 dt + G / 351 dt + C where C'is an arbitrary constant

1 1
= ——ln]3—t\+ ln]3—|—t!+lnD (C=InD)

3+ tan?2
, - IH{D’ﬂ

6
is the general solution.
3 — tan 2z

1.(vi) Z—i =xIn(z+1)* (x> 1)



Therefore, Z—y =2z In(x + 1), since x + 1 > 0.
x

Integrating by parts gives y = (In(z +1))(z%) — /(mz) ( ) dr + A (A arbitrary constant)

= a;21n(:c+1)—/{

1
= $21n(ac—|—1)—§x2+x—ln(:p+1)+A

z+1

1
1} dr + A by partial fractions
T

1
y = (2*—1Dn(z+1) - §x2 + a2+ A s the general solution.

2. (i) First order, first degree, linear.

(ii) Second order, fourth degree, non-linear.
(iii) Third order, first degree, linear.

(iv) Second order, first degree, non-linear.
(v) Second order, first degree, linear.

(vi) Fifth order, fourth degree, non-linear.
(vii) First order, first degree, linear.

(viii) First order, first degree, non-linear.

d
3.(i) Sinxd—y = ycosx + cosz, and we are given that y(3F) = —2.
T

Rearranging gives sin x% = (y + 1) cosx. Separating the variables and integrating gives

/—dy = /cot:cdx + A (A arbitrary constant)

y+1
Injly+1] = In|sinz|+ A
Therefore, y = Bsinx — 1, where B is an arbitrary constant, is the general solution.

Applying the boundary condition gives:
3 3
—2_y(2”> :Bsin§—1:—3—1;»3:1

Therefore, y = sinx — 1 is the particular solution.

d
3.(ii) 2 (y? + 1)d—y —9? =0, and we are given that y(2) = 1.
x
) ) 24 1dy ) )
Rearranging gives — = —. Integrating gives:
v2 da 2

1
/ {1 + E} dy = /— dr + A where A is an arbitrary constant

1
y—— = ——+A
Y
1 1 : ,
y——+— = A s the general solution.



Applying the boundary condition y(2) = 1 gives:

Therefore, the particular solution is y — % + % = %
dy 1

dr  (y+2)(y—3)
dy

Rearranging gives, (y + 2)(y — 3)% 2 + 3

3.(iii) (2x + 3) and we are given that y(—2) = 1.

. Integrating gives:

1 . .
/(y +2)(y—3)dy = / 713 dx + A where A is an arbitrary constant

1
/{yQ—y—G} dy = 51n]2:ﬁ—|—3|+A

1 1 1
§y3 = §y2 —6y = 5 In |2z + 3|+ A is the general solution.

Applying the boundary condition y(—2) = 1 gives:

11 1 37
C L _G=-ln|-1|+A A= 20
5 5 O0=3hl-ll+4 = 6

Therefore, the particular solution is given by

1, 1, 1 37
S — 2y —6y==In|2z+3| — ==
Y 5y 6y 2n\l’+! 6



